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Numerical Vorticity Confinement for Vortex—Solid Body
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A new numerical method based on adding a term to the Euler/Navier—Stokes equations has demonstrated that
it can effectively treat vortex-dominated flows using low-order numerical schemes and coarse grids. With the
technique, numerical diffusion introduced by convection schemes can be eliminated when solving the modified
flow governing equations. The modification of the velocity field, which conserves the total vorticity, essentially
convects the vorticity toward its local extreme to offset the numerical diffusion. This method preserves the vortex
structure even when vortices travel through a coarse grid region. The method is implemented separately with
two distinctive basic solvers: a Navier—Stokes flow solver based on a vorticity—velocity formulation and an Euler
solver based on a velocity—pressure formulation. Problems presented in this paper include airfoil dynamic stail,
vortex—airfoil interaction, and vortex~fuselage interactions.

Introduction

ECAUSE of the complexity of flowfields around rotorcraft

and the lack of efficient numerical procedures to analyze these
flows, the prediction of rotorcraft aerodynamics is today very diffi-
cult and inadequate. This is mainly because the flow is highly un-
steady and strong, concentrated vortices are shed from rotor blades,
which have dominant effects on many aspects of the acrodynamics.
These problems include blade retreating side dynamic stall, blade—
vortex interactions, and rotor—airframe interactions. Because of the
importance of these vortex-dominated flows, many researchers have
attempted to find viable numerical methods for their prediction over
the past several decades. In spite of these efforts, accurate and ef-
ficient methods for the computation of general rotorcraft (or other)
flows with strong, concentrated vortices still do not exist.

Conventional computational methods for vortex-dominated flows
can be grouped into two classes: Eulerian and Lagrangian. In the
Eulerian approach, body-fixed grids can be used effectively with
discretized flow equations for flows at low Reynolds number where
shed vorticity is spread over a rather wide region. However, for
large Reynolds number flows, where this region is thin, it is very
difficult to include the number of grid points required for adequate
resolution.

There are two Eulerian numerical techniques that have provided
some improvement in treating the thin vortical regions: high-order
discretization and adaptive grid schemes. Examples of these ap-
proaches to solve for a vortex impinging on an airfoil include the
use of a fifth-order discretization for the Navier—Stokes equations
together with a fine, regular grid in the entire domain.! This re-
quires a large amount of computing since the grid must be fairly
fine, even though fairly efficient implicit solvers can be used since
the grid is regular. Adaptive grid schemes have been used for prob-
lems involving, for example, a vortex impinging on an airfoil,? a
steady vortex shed at the tip of a straight wing,? and a vortex sheet
shed from the leading edge of a delta wing.* It can be shown that,
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despite the adaptive embedding of extra grid points in the vortical
region, these methods apparently still are not able to capture the
shed vortex without having it spread over a region much larger than
measured in experiments. In addition, the unstructured and moving
grids require complex logic and bookkeeping. Without regular grids,
conventional and efficient implicit methods usually cannot be used.

In the Lagrangian approach, use is made of the fact that the in-
ternal structure of vortical regions, such as vortex sheets, are not
important since the dimensions of these structures are small com-
pared with other dimensions of the problem. As long as the centroid
surfaces of these vortex sheets are accurately computed, together
with the total vorticity surrounding each point on the centroid sur-
face, the overall flow solution will be accurate. An ad hoc structure
can then be used instead of resorting to a detailed, high-resolution
Navier—Stokes solver. Usually a “spreading” function is specified
that, effectively, defines the internal structure of vortical regions
treated with this approach. For these reasons, some of the most
efficient methods for treating the thin vortical flows currently in-
volve Lagrangian marker-based schemes, where vorticity or circu-
lation is assigned to individual markers that convect through the
flowfield. These methods, in the form of “vortex lattice” or “vortex
blob” techniques for incompressible flows® and “vortex embedding”
techniques for compressible flows,® entail representation of vortex
sheets or vortex filaments by surfaces or lines defined by markers.

Unfortunately, there are disadvantages to these Lagrangian meth-
ods. Since the vortical regions are defined by connected sets of mark-
ers, the topology of each region should be known beforehand so that
suitable arrays of markers can be computationally defined. In gen-
eral, the vortical regions may interact with solid surfaces and their
topology may change. This requires new specifications of the mark-
ers and reconnection. In addition, vortical regions cannot easily be
made to merge in a natural way if they are defined by markers.
Lagrangian methods that use large numbers of basic markers with
overlapping structure also appear to require information on the lo-
cations of vortical regions for the allocation of markers.

The computational technique presented here is fundamentally dif-
ferent from the previously described methods in that it involves
adding a term to the continuum flow equations before discretization
and therefore modifying the basic Euler/Navier—Stokes equations.
With the added term, the flow equations admit solutions with con-
centrated vortices that can convect without spreading, even if the
basic equations have diffusive terms. For this reason, simple, low-
order diffusive numerical schemes can be used to discretize and
solve the modified flow equations, without resulting in vortices that
spread as they convect. The present approach is similar to shock
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capturing where the detailed internal dynamics of shocks are not
computed, but rather a modified set of equations is solved that re-
sults in a shock spread over a few number of grid cells. The resulting
internal structure satisfies conservation laws in integral form. Some
aspects of the present “vorticity confinement” method are presented
in Refs. 7 and 8.

The new method has the flexibility and generality of standard
Euler/Navier—Stokes methods but treats vortical regions without nu-
merical diffasion as they convect through the flow even in regions
where the computational grid is relatively coarse. The vorticity con-
finement method uses only fixed, Eulerian grid with no markers and
no special logic concerning shed vortices. It consists, basically, of
a velocity correction to be applied at each time step at grid points
where velocity values are obtained by the basic solver. This correc-
tion is applied only in relatively coarse grid regions, as vortical fluid
is convecting. As such, it is capable of being used in conjunction
with conventional Euler/Navier—Stokes methods that can serve as
the basic flow solver.

In the present study, the new method is coupled to an existing in-
compressible Navier—Stokes code using vorticity—velocity formula-
tion to study dynamic stall and vortex—airfoil interaction problems.
The method is also used with an incompressible Euler flow solver
developed recently by the present authors using velocity—pressure
formulation. This solver is used for the study of vortex—fuselage
interaction problems.

Vorticity Confinement Method

The method involves adding a term to the momentum part of the
continuum Euler/Navier—Stokes equations. The extra confinement
term is local and simple to discretize. It is nonzero only within the
vortical regions and does not change the total vorticity or mass within
those regions. The technique is applicable to general compressible
and incompressible flows (for supersonic flows additional consid-
erations are required). For conciseness, the vorticity confinement
method is described here for incompressible flow using the velocity—
pressure formulation. For a general unsteady flow, we can represent
the solution as approximately satisfying the following equations:

V.g=0 4))
%q=—(@ -V)g+Vp/p+uVvig+es 2

where ¢q is the velocity vector, ¢ is time, and p and p represent
pressure and density, respectively. The diffusion term represents an
effective diffusivity of the basic numerical solution method. The
additional term, es is the confinement term where the numerical
coefficient € controls the size of the convecting vortical regions.
The confinement term has the form

S=-nXxXw (3)
n=Vn/|Vn )

where
w=Vxgqg )]

is the vorticity vector and 7 is a scalar field that has a local minimum
on the centroid of the vortical region:

n=—lwl : 6)

For the confinement term, # is a unit vector pointing away from the
centroid of the vortical region, and the term serves to convect w back
towards the centroid as w diffuses away. This convection increases
the diffusion and a steady-state form results when the two terms
become balanced. It is noted that steady-state solutions exist, for
any positive value of €. It appears to be better to discretize the set of
Eqgs. (1) and (2) for problems that have thin, well-behaved vorticity
distribution, even in the presence of the numerical diffusion, than to
discretize the unmodified equations that only admit vorticity regions
that continue to spread, if there is any numerical diffusion.

An important feature of the vorticity confinement method is that
the velocity correction is limited to the vortical region only. The cor-
rection effectively convects vorticity back towards the local extreme
of the vortical region. The total change induced by the confinement
term in mass &1, and vorticity 81, can be expressed by

alpze/ V.sdv )
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The integration is performed on the vortical domain R,,. It is simple
to show that 61, = 0 and 81, = 0 by using Eq. (3), i.e., the con-
finement term conserves mass and the total vorticity. Conservation
properties involving fluid momentum are discussed in Ref. 9.

The effect of the confinement term can be illustrated for a simple
two-dimensional flow where an isolated axisymmetric vortex moves
in a uniform flow. If r is a position vector defined with respect to
the center of the vortex, then Egs. (4) and (6) will give

n=r/r ©
where r = |r|. The velocity of the flowfield can be represented by
=g+ T t)ey (10)

where g is the uniform velocity, T is the azimuthal velocity magni-
tude contributed by the vortex, and e, is a unit vector in the azimuthal
direction. Substituting this into the modified momentum Eq. (2), in
a frame convecting with q.,, we have

8,q=p,V2q—en X W (11)
If € = 0, the solution is
T =[To/r](1 — e /%) (12)

where 7 is a constant. This, of course, results in a continually
spreading vortical region with radius proportional to 4/2u¢ and no
nontrivial steady solution exists.

When e > 0, the steady solution of Eq. (11) with 9,4 = 0 for any
positive value of u and € is

T = [To/rlll = (1 +r/a)e™""] (13)

where a = /¢ is a length scale. The existence of the steady solu-
tion shows that the added confinement term effectively balances the
diffusion by convecting the vorticity back toward the vortex center.

Numerical Implementation

The vorticity capturing method is implemented with two distinc-
tive flow solvers in the present study. The first solver implemented
in the ZETA code is based on a vorticity—velocity formulation and
has been used extensively in the past for studies of many practical
problems, including airfoil dynamic stall, Weis—Fogh problems of
bio-fluid-dynamics, multi-element airfoil aerodynamics, and others.
A manual for the flow solver is documented in Ref. 10, which con-
tains detailed mathematical and numerical formulations. Basically,
the solver first solves the vorticity transport equation by using an
implicit finite difference method. This advances the vorticity field
from the previous time level to a new level. The velocity at the
new time level is then computed by an integral formulation'! that is
similar to the Biot—Savart law.

With the present vorticity confinement method, the velocity is
modified after the velocity is computed by the ZETA code at each
time level. The modification of the velocity field is accomplished
by calling a separate module named CONFINE that computes the
confinement term described by Egs. (3~6). The module is developed
such that it is self-contained and computationally efficient. The only
requirement for the module is the specification of the grid and the
velocity field from the basic flow solver. In the basic solver (ZETA
code), after the velocity has been modified, the vorticity field corre-
sponding to the modified velocity field is calculated. This corrected
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vorticity field is then used to compute the final velocity field using the
velocity integral formulation such that the mass balance is enforced.
In the present study, the dynamic stall of a NACA 0012 airfoil and
the interaction of a passing vortex with the airfoil are numerically
investigated with and without the vorticity confinement.

The second effort of the present study involves the development
of three-dimensional flow solver using the velocity—pressure for-
mulation. In the basic solver, named VORD, the velocity is first
convected by a split-velocity scheme.'? The next step in the flow
solver involves a multigrid scheme to solve a velocity potential Pois-
son equation derived from the continuity equation. The solution of
the Poisson equation corrects the convected velocity field such that
mass balance and the tangency condition on the solid surface are
enforced. The two steps advance the velocity field from an old time
level to a new time level. The pressure can be easily computed from
the converged solution of the Poisson equation.

With the vorticity confinement, the velocity is modified after it
has been convected, as described earlier with the ZETA code. The
modification is accomplished by a call to the separate module CON-
FINE. Inviscid solutions of the interaction problem between passing
vortex system and a circular cylinder were studied using the VORD
code with and without the vorticity capturing.

Results and Discussion

Unsteady Navier—Stokes numerical results of a NACA 0012 air-
foil were obtained for a dynamic stall and a vortex—airfoil interaction
problem using the ZETA code. Unsteady inviscid numerical results
for vortex—fuselage interaction problems were obtained using the
VORD code. The solutions with vorticity capturing are compared
with the basic solutions that were obtained by switching off the call
to the module CONFINE.

Dynamic Stall

Figure 1 shows a fine grid region around a NACA 0012 airfoil
and a coarse grid region enclosing the fine grid region. The overall
grid is an O-grid with 81 grid lines in circumferential direction and
61 in the normal direction. For solutions with vorticity confinement,
the confinement correction is not computed in the fine grid region
where the numerical diffusion is small. The flow Reynolds number
based on the freestream velocity and the airfoil chord is 1 x 108,
Fully turbulent flow is assumed, and the Baldwin-Lomax algebraic
model® is used. The airfoil oscillates about its quarter-chord be-
tween 5 and 25 deg angle of attack with a reduced frequency of 0.15
(normalized by the freestream velocity and the half-chord length).
Fully developed numerical solutions at a constant angle of attack
of 5 deg were first obtained before the airfoil started the oscillating
motion,

Figure 2 shows load hysteresis loops of the oscillating airfoil
for over one cycle. During the first cycle, the lift coefficient at the

Fig. 1 Computational grids.
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Fig. 2 Hysteresis loops for NACA 0012 airfoil; reduced frequency =
0.15, Reynolds number = 1 x 10°,

beginning of the cycle is higher than during the second cycle. There
are no differences in the lift coefficient for the two cycles when the
angle of attack exceeds 13 deg during the airfoil upstroke. Without
the vorticity confinement, the lift coefficient, represented by “no
confine” in the figure, reaches approximately 2.0 and then starts to
stall. With vorticity confinement, before the stall, the lift begins to
rise at a much faster pace starting at 23 deg of the angle of attack.
Compared with the “no confine” lift curve, the extra increase of
lift is attributable to the stronger leading-edge separation bubble
resulting from the vorticity confinement. This increase in lift is also
observed experimentally in wind-tunnel tests,'* also shown in the
figure. The lift stall is followed by a lift increase that is caused by the
formation and growth of another leading-edge separation bubble but
with weaker strength. Comparing the two computational lift loops,
the amplitude of the lift change is larger for the confined solution.
In other words, the numerical diffusion dampens the strength of the
separation vortices and therefore decreases the amplitude of the lift
change during the oscillation cycle. It should be pointed out that
the lift coefficient is almost identical for the two solutions during
the airfoil upstroke before 23 deg of the angle of attack where the
vorticity around the airfoil is mostly restricted to a thin layer, even
where the flow has a reversed region on the airfoil upper surface.
Similar behavior is observed for the drag and the pitching moment
hysteresis loops, also shown in Fig. 2. The computed instantaneous
streamlines observed in the airfoil rotating frame are shown in Fig. 3
for the basic solutions and in Fig. 4 for the confined solutions. These
figures clearly show that, except at 22.97 deg during the upstroke, the
solutions with the vorticity confinement exhibit stronger separation
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Fig.3 Instantaneous streamlines, basic solution.

vortices. In the present computation, a value of 0.003 was used
for € of the confinement term. The effect of € on the aerodynamic
loads was studied by using different values of €, and the results were
presented in Ref. 15. When € is within a rather wide range, the exact
value € has little effect on the aerodynamic loads. This phenomenon
is also observed in a study of vortex sheet roll-up.’® When e is too
large, unphysical flow solutions may result.

Vortex—Airfoil Interaction

A vortex is introduced upstream of a NACA 0012 airfoil, and
the vortex is then convected with the local flow. The airfoil has an
angle of attack 0.1 deg and the flow Reynolds numberis 1 x 10%. The
same grid is used as in the dynamic stall case. The passing vortex,
with an initial axisymmetric vorticity distribution, has a circulation
of —0.2 (clockwise) normalized with the freestream velocity and the
airfoil chord. In the present study, the release point of the passing
vortex is one chord upstream and 0.26 chord below the airfoil camber
line. .

Converged flow solutions were first obtained for the airfoil with-
out the passing vortex. Immediately after the release of the vortex,
the time is set to start from zero. This time is normalized with the
freestream velocity and a unit length. In this study, the airfoil has a
chord length of 3.6 units. Figure 5 shows the equivorticity contours
for the basic solution. In the figure the contour lines of the passing
vortex extend from 30% of the original maximum vorticity. Without
confinement, the passing vortex diffuses quickly, and by the time
T = 1.2 almost all of the vorticity values above 30% of the orig-
inal maximum have disappeared. With the confinement term, the
obtained equivorticity contours are shown in Fig. 6. It can be seen
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Fig. 5 Equivorticity contours, basic solution.

that the passing vortex retains its identity even at T = 8.2 where the
vortex has already passed the airfoil trailing edge. A value of 0.02
was used for € in this case.

Load variations are shown in Fig. 7. In this figure, the curve
denoted by “single vortex” represents the solution of a passing point
vortex with the same strength of circulation, with the vortex released
at the same location as the distributed vortex. The decrease of the lift
as the point vortex approaches the airfoil is caused by the decrease
of the effective angle of attack resulting from the induced velocity
field of the passing vortex. The following sudden increase of the
lift is attributable to the point vortex located directly beneath the
airfoil. With the unconfined, distributed vortex solution, the salient
feature of the lift variation is not present, and the lift only stays
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Fig. 7 Aerodynamic loads for vortex—airfoil interaction; passing vor-
tex strength = 0.2,

low shortly and increases monotonically towards its steady value.
This is simply the value without the presence of the passing vortex.
With vorticity confinement, the salient feature of the (point) vortex—
airfoil interaction is retained. The differences between the confined
solution and the single vortex solution are caused by the finite size
of the distributed passing vortex. Similar behavior is observed for
the drag and pitching moment coefficients, also shown in Fig. 7.

Fig.8 Equivorticity contours, confined solution.

Fig.9 Equivorticity contours, basic solution.
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Fig. 10 Grid on one plane normal to cylinder axis.

Fig. 11 Downward convection of vortex ring, confined solution.

Fig. 12 Downward convection of vortex ring, basic solution.

Vortex—Fuselage Interactions

The rotorcraft fuselage is represented by a circular cylinder of in-
finite axial length in the present study. Unsteady three-dimensional
inviscid solutions were obtained using the incompressible Euler
solver VORD with and without vorticity confinement. For solutions
with vorticity confinement, the velocity correction is computed in
the entire flow domain. The first case computed involved a line vor-
tex passing closely by the circular cylinder in an otherwise uniform
downflow. In Fig. 8 contour plots of vorticity are presented for a se-
quence of time levels. The contours have the same value in each plot,
extending from about 30% of the original maximum value. The fig-
ure shows that the vortex does not diffuse. In this case, a value 0£0.02
was used for €. Plots corresponding to the first two time levels are
shown in Fig. 9 for results without vorticity confinement. The large
effects of the numerical diffusion inherent in the basic numerical
method are obvious. The computational grid is shown in Fig. 10.

The second computed case involves a vortex ring passing over the
cylinder. (Solutions involving interacting vortex rings are presented
in Ref. 9.) The vortex ring is initially positioned above the cylin-
der in an otherwise uniform downflow. A computational grid of
33 x 33 x 65 is used, where the three members denote the number
of points in the axial, radial, and circomferential directions, respec-
tively. Figure 11 shows the vorticity surface of the confined solution
attimelevels T = 0.8, 1.6, 2.4, and 3.2. The vortex ring is displayed
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by an iso-surface of vorticity magnitude of 20% of the maximum
value of the initial vortex. At the same time levels, the iso-vorticity
surface of the basic (unconfined) solution is shown in Fig. 12. In
this figure, the iso-vorticity surface value is only half of the value in
Fig. 11. The basic solution at T = 0.8 already shows effects of the
numerical diffusion, particularly at locations away from the solid
surface, where the grid is coarser. At T = 1.6 the vortex ring has
impinged on the body and is beginning to stretch over it. Large parts
of the vorticity surface disappear in the unconfined solution due to
the numerical diffusion, whereas the confined solution at this time
preserves the vorticity. ‘

AtT = 2.4, the vortex ring continues to stretch over the body, and
the confined solution shows that vorticity closely interacts with the
body surface. The velocity on the body surface is determined such
that the boundary condition forces the vorticity tangential compo-
nents of the vorticity to be zero. The flow tangency is then enforced
by the solution of the velocity potential Poisson equation. This con-
dition results in the vorticity impinging normal to the surface. At
T = 3.2, the disappearance of the vortex contour surface of the un-
confined solution indicates that the maximum value of the entire vor-
tex structure is less than 10% of the initial maximum value. The con-
tours of the confined solution show that the vortex structure is well
preserved, where the ring has stretched over and almost reaches the
bottom of the cylinder. The peak vorticity value at this final time level
is still close to its initial value. The confined solution clearly demon-
strates the ability of the vorticity confinement method to preserve
the vortex ring structure with essentially no numerical diffusion.

Concluding Remarks

The present paper has demonstrated that the vorticity confinement
method eliminates numerical diffusion effectively in problems in-
volving vortex-dominated flows. Even though the basic flow solvers
involved simple low-order convection schemes, the problem associ-
ated with large numerical diffusion in coarse grid regions was treated
successfully with the new method. In the new technique, the con-
finement term is proportional to a single parameter €, whose value
was constant in each computed case. The term also depends on grid
size and grid aspect ratio. It automatically becomes small in regions
where the grid is fine so that viscous effects are correctly simulated.
There, the numerical diffusion is small so that the confinement is
not needed. Even though the constant € used here is effective, fur-
ther investigation of the implementation of the confinement term
should lead to more robust problem-independent usage of the new
method. The new method can be easily incorporated into existing
Euler/Navier—Stokes flow solvers.
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